Abstract. In this paper, we consider the two-dimensional motion of a viscous, incompressible fluid with a free surface, initially lying inside a wedge. The fluid flows under the action of surface tension, and we analyze its small time motion using the method of matched asymptotic expansions. We show that, in contrast to the case where there is a surrounding fluid with viscosity [M. J. Miksis and J.-M. Vanden-Broeck, Phys. Fluids, 11 (1999), pp. 3227-3231], the initial motion is not selfsimilar but develops over two asymptotic regions: an inner, nonlinear, surface tension-driven Stokes flow region near the tip of the wedge, and an outer, linear, unsteady Stokes flow region, where inertia is important but surface tension is not. The initial velocity of the tip of the wedge is singular, of O(log t) as t → 0. We calculate numerical solutions of both the inner and outer problem for a general wedge semiangle, α, and also construct asymptotic solutions in the limits α → 0 and α → π. [7] ). Such problems are of relevance to the recoil of fluid sheets and jets after rupture. However, at sufficiently small times, viscosity is always relevant in this type of problem. In order to investigate this, Miksis and Vanden-Broeck [1] studied the two-dimensional, surface tension-driven Stokes flow of two fluids initially lying in four wedges. This canonical problem is relevant to the rupture of liquid sheets (see, for example, [8]), and a similarity scaling is available, with lengths scaling like t. Miksis and Vanden-Broeck [1] solved this similarity problem numerically using the boundary integral method. However, they were unable to find a solution for the case of an inviscid outer fluid and hypothesized that no such solution exists.
by Miksis and Vanden-Broeck [1] . The crucial difference is that the tip of the wedge recoils through a distance of O(t log t) in the single fluid problem that we study here, so that the fluid velocity is singular of O(log t) as t → 0. The recoil distance is fixed by matching between the inner and outer solutions.
After setting up the initial/boundary value problem in section 2, we detail the asymptotic structure and matching conditions in section 3. We discuss numerical solutions of the outer problem in section 4 and of the inner problem in section 5. Finally, we consider the limiting cases of slender wedges, first of the interior, viscous fluid in section 6, and then of the exterior, inviscid fluid in section 7.
The initial/boundary value problem.
The dimensionless initial/boundary value problem appropriate to the surface tension-driven recoil of a single wedge of viscous fluid consists of the Navier-Stokes equations for an incompressible, viscous fluid, ∂u ∂t + u · ∇u = −∇p + ∇ 2 u for y > Y (x, t), (2.1) ∇ · u = 0 for y > Y (x, t) (2.2) subject to the kinematic condition, (2.3) and the shear and normal stress continuity conditions, at y = Y (x, t), (2.5) where u = (u x , u y ) is the velocity field, p is the pressure, and the free surface lies at y = Y (x, t). The initial conditions are u = 0, Y = cot α x when t = 0, (2.6) so that the fluid is initially at rest in a wedge of semiangle α, and the far field conditions are
The problem has been made dimensionless using the length, time, velocity, and pressure scales,
where μ, σ, and ρ are the constant viscosity, surface tension, and density of the fluid, respectively. These are the only physical quantities available, since the initial conditions provide no geometrical lengthscale. Note that (2.1) to (2.8) contain just one parameter: the wedge semiangle, α.
Asymptotic solution for t 1: Structure and matching.
We will now construct the small time asymptotic solution of this problem. This has already been done by Miksis and Vanden-Broeck [1] for the equivalent problem with an outer viscous fluid, where a similarity solution of the Stokes flow limit, with lengths scaling on t, provides the solution for t 1 of the full Navier-Stokes problem. However, as we noted earlier, no such solution can be found when the viscosity of the exterior fluid is zero. The form of the asymptotic solution of (2.1) to (2.8) when t 1 and |α − π/2| 1 is described in [4] , where we found that the solution develops over two asymptotic regions: an inner, surface tension-driven Stokes flow region, where lengths scale with t, and an outer, unsteady Stokes flow region with no surface tension at leading order, where lengths scale with t 1/2 . In addition, the tip of the wedge recoils through a distance of O(t log t), not simply of O(t), as was the case for a viscous exterior fluid. An explanation for the presence of this logarithm is given by an argument equivalent to one made in [9] , which analyzes the coalescence of viscous liquid drops. In [9, section 2] , it is shown that the velocity field due to a point force at the tip of a wedge with free boundaries is singular at the tip, and that the velocity there must depend upon the logarithm of the size of an inner region, consistent with the scalings we use here.
The following are appropriate asymptotic scalings:
is an eigenvalue that must be determined as part of the solution for each value of α.
3.1.
Leading order equations and matching conditions. In the outer region, we define the scaled variables
in terms of which, at leading order for t 1, (2.1) to (2.8) become
These are the equations for unsteady Stokes flow in a wedge, with stress-free boundary conditions. Surface tension does not appear at leading order. The kinematic condition, (3.3), decouples from the other equations and allowsỸ to be calculated once the velocity field is known. Note that uniform flow in theỹ-direction is a simple solution of these equations, although it does not satisfy the far field boundary condition. The system is forced by the matching conditions asx 2 +ỹ 2 → 0, and we shall determine these below.
In the inner region, we define the scaled variables
These are the equations for steady, surface tension-driven Stokes flow, but with the modified kinematic condition (3.10). We now need to consider the far field behavior of solutions of this inner problem so that we can determine appropriate matching conditions between the two asymptotic regions.
Since we must haveȲ ∼ cot αx asx → ∞, the flow in the far field lies within a wedge at leading order. By writing the equations in terms of polar coordinates, it is straightforward to show that
The function b ∞ (α) is, as yet, undetermined.
We can now write the matching condition for the outer problem,
4. Solution of the outer problem. Since the outer problem is linear and forced by the matching condition (3.15), we can scale the constant K out of the problem and solve to determine b ∞ . Once we know b ∞ , we have enough information to solve the inner problem. It is also convenient to rewrite the outer problem in streamfunction-vorticity form, so we define the scaled streamfunction ψ and vorticity ω usingũ
The outer problem then becomes, using the symmetry of the problem about theỹ-axis, in terms of polar coordinates As we noted earlier, a constant flow in theỹ-direction, ψ = kr cos θ, ω = 0, satisfies the equations and boundary conditions, except for the far field and matching conditions. We can think of b ∞ as the strength of the uniform component of the flow that must emerge from the inner region to ensure that there is no flow at infinity. Note that the singular part of the flow near the origin given by (4.7) is simply a Stokeslet, which indicates that the outer flow sees a point force and a uniform flow at the tip of the wedge, which is provided by the surface tension-driven inner flow.
Although this is a linear boundary value problem in a wedge, there is no obvious way of solving it analytically using integral transforms. This remains true even when α = π and the domain of the solution is a half-plane. However, when α = π/2, we can use the results given in [4] , which show that b ∞ (π/2) ≈ 1.869. We can also consider the limit of a slender wedge, α 1, for which a simple asymptotic solution is available, before we discuss the numerical solution of (4.1) to (4.7).
The slender wedge
Equations (4.1) and (4.2) at leading order then show thatψ andω are linear in θ, and the symmetry conditions givē
The boundary conditions (4.3) and (4.4) are unchanged by this rescaling and show that
where a prime denotes a derivative. We can eliminate B 0 (r) between these equations and arrive at
to be solved subject to
Since A 0 =r is an obvious solution of (4.9), which corresponds to the uniform flow solution of the original equations, we can use reduction of order to find the solution in the form
The boundary condition (4.10) then shows that
and finally, (4.11) shows that
Numerical solutions.
Before attempting to solve (4.1) to (4.7) numerically, it is convenient to subtract out the singularity at the origin by defining ψ = 2r logr cos θ +ψ, ω = − 4 cos θ r +ω.
We then find that∇
Note that this rescaled problem contains a forcing term at the boundary in (4.16). We have also written the boundary conditions at the origin in a form that allows us to solve (4.13) to (4.19), and then use (4.20) to determine b ∞ .
We solve (4.13) to (4.19) using finite differences on a polar grid. We discretize θ at constant intervals and use a nonuniform grid in ther-direction in order to accurately capture the behavior of the solution asr → ∞. By considering solutions on progressively finer grids, we found that we could achieve converged solutions (b ∞ accurate to two decimal places) with 50 equally spaced grid points in the θ-direction, and 275 grid points in ther-direction with spacing gradually changing from 0.01 to 1 asr increases to 100. We approximate derivatives using central differences and use three-point formulas at the boundaries. After solving, we obtained b ∞ from (4.20), using a three-point formula to calculate ∂ψ/∂θ at the origin, and taking the mean value of b ∞ calculated at the half of the discretized values of θ furthest from the boundaries. 5. Solution of the inner problem. Now that we know b ∞ (α), we are in a position to solve the inner problem (3.8) to (3.14). For this free boundary problem, it is natural to use the boundary integral method (see, for example, [10] ). For Stokes flow in a bounded domain B,
where n is the outward unit normal, f is the force on the free surface, x 0 lies on the free surface, s is arc length,x = x − x 0 , andr = |x|. We can now proceed by truncating our domain of solution with a circle of radius R ∞ , centered on the origin, so that ∂B consists of the free surface, S, and the arc of the circle, S ∞ . We discretize the free surface at n points an arc length s = s i , i = 1, 2, . . . , n, from the tip, with s 1 = 0 at the tip. At these points, (
We also let v(s) be the tangential fluid velocity at the free surface. We must therefore solve for the 3n + 1 unknowns
Equations (3.10) to (3.12) show that
where X = (X, Y ) and t is the unit tangent vector at the free surface. On S ∞ we assume that f and u take their far field values, so that
We represent the free surface, (X(s), Y (s)), and tangential velocity v(s) using cubic splines. We evaluate the normal and tangential components of (5.1) using twopoint Gaussian quadrature, collocating at the midpoint of each boundary element, using (5.2) and (5.3) to give the surface force and velocity, and making use of symmetry about the y-axis. We discretized most of S ∞ using equally spaced points. However, close to the point where S ∞ meets S in x > 0 we added extra points to resolve the rapid variation of the integrand when collocating at the midpoint of the final element of S. This provides 2n − 2 nonlinear algebraic equations. We must also enforce the arc length condition
We do this at the midpoint of each element, which provides a further n − 1 nonlinear algebraic equations. We now need four more conditions to close the problem. The far field conditions (3.13) and (3.14) give
where θ ∞ is the value of θ at the point where S ∞ meets S. At s = 0, we imposed the symmetry conditions We solved this system of 3n + 1 nonlinear algebraic equations using Newton's method, calculating the Jacobian by numerical differentiation. We started with the known solution for α = π/2, namely, the flat interface with K = 0, and progressively increased or decreased α. In this manner, we were able to obtain converged numerical solutions for 1
• ≤ α ≤ 178
• or, in radians, 0.0175 ≤ α ≤ 3.1067. For α < π/2, we used n = 532 and s n = 10 4 , with a grid for which Δs i progressively increased from Δs 1 = 10 −2 . This enabled us to compute down to small values of α for which, as we shall see in section 6, the curvature at the tip is bounded, and changes occur over a long lengthscale. Solutions on coarser grids indicate that the errors in our calculations of K are less than 1%. For α > π/2, we used n = 1074 and s n = 50, with a grid whose spacing became progressively finer for smaller s, with Δs 1 = 5 × 10 −4 . This allowed us to resolve the small region close to the tip, which we shall discuss in section 7. Solutions on coarser grids again indicate that the errors in our calculations of K are less than 1%. • . We can see that for α close to π, the curvature of the tip becomes large, but that this does not occur as α approaches zero. The behavior for small α is illustrated in Figure 5 .2, which shows that the curvature remains bounded, but that the position of the tip moves off in the negative y-direction as α decreases. [4] . To summarize, these are
The numerical and asymptotic solutions are in excellent agreement. We can also see that K is singular as α → 0, as is Y (0), while the curvature remains bounded. As α → π, K is bounded, while the curvature is strongly singular, and Y (0) is weakly singular. We will now investigate these cases further using the method of matched asymptotic expansions.
6. Asymptotic solution of the inner problem for α 1. In this lubrication limit, it is more convenient to parameterize the free surface as lying atx =X(ȳ), in terms of which (3.8) to (3.12) become 0 = −∇p +∇ 2ū for 0 <x <X(ȳ),
atx =X(ȳ), (6.5) along with the symmetry conditions u x = ∂ū y ∂x = ∂p ∂x = 0 atx = 0 (6.6) subject to the matching conditions (3.14) and
where b ∞ (0) is given by (4.12).
In order to be able to match the solutions in the two regions that we describe below, we need K =K/α withK = O(1) as α → 0. We then use a simple lubrication scaling that produces a leading order balance in (6.2), namely,
On substituting these scalings into (6.1) to (6.7), we find that, at leading order, u y ≡û y (ŷ),û x = −xû y , andp = −2û y , where a prime denotes d/dŷ. Equation (6.3) then shows thatX
In order to close the problem, we need to consider the tangential stress condition, (6.4), at O(α 2 ), which shows thatû
By eliminatingû y between (6.8) and (6.9), we obtain an equation forX, which can be solved analytically to give the implicit solution that satisfies (6.7),
We will see below why we can justify treating the term of O(log α) as a constant in this procedure. Note that the leading order shape of the free surface just reproduces the far field boundary condition.
SinceX =X/(X − 2K), the slope of the free surface becomes unbounded aŝ X → 2K, and we need an inner-inner region in the neighborhood ofX = 2K in order to complete the solution. Note thatŷ →ŷ 0 andû y →û y0 asX → 2K, wherê
By determining the form of the next correction to the asymptotic expansion in the neighborhood ofŷ =ŷ 0 , we find that there is a nonuniformity in the expansion when y −ŷ 0 = O (α).
Inner-inner region. Appropriate scaled variables in the inner-inner region are
In terms of the original inner variable defined in section 3, this rescaling just represents a shift of O(α −1 ) in the y-direction along with the removal of a uniform flow of O(α −1 ) in the y-direction. As we would expect, we therefore recover the equations for surface tension-driven Stokes flow. However, the kinematic condition becomes (6.12) which specifies the normal component of the fluid velocity at the free surface, and the far field conditions are given by matching as
We can solve this boundary value problem using the boundary element method described in section 5. Note that in this case it is easier to truncate the domain of solution using the straight lineỹ =ỹ ∞ , and that we can evaluate the contribution to the integral in (5.1) along this line analytically for the simple far field given by (6.13).
We found the solution by introducing an artificial continuation parameter, β, modifying the far field conditions to bẽ
When the continuation parameter β is π/2, we can converge to a solution from an initial guess withX =ũ y =ũ x = 0, and when β = 0, we recover the problem whose solution we are interested in. Starting from β = π/2 and successively solving for smaller values of β, we were able to obtain a converged solution with β = 0. From the condition thatX → 2K asỹ → ∞, we find thatK ≈ 0.125, and hence K ≈ 0.125/α, and that the curvature at the tip of the fluid is κ(0) ≈ 5.13, consistent with the behavior of the full numerical solution shown in Figure 5 .4. Figure 6 .1 shows the asymptotic and numerical values of K andȲ (0), which are in very good agreement.
Note thatȲ
so that the logarithmic constant that appears in (6.11) is absorbed into the definition of K. Figure 6 .2 shows the asymptotic solution in the inner-inner region, and should be compared to the solutions shown in Figure 5 .2. Note that, althoughȲ (0) < 0 in Figure 5 .2, the tip lies at
We conclude that in the double limit α → 0, t → 0 we require that t α 2 or t = O(α 2 ) for this solution to be valid.
7.
Asymptotic solution of the inner problem for π − α 1. As we saw in the previous section, it is more convenient to parameterize the free surface as lying atx =X(ȳ). By balancing terms in the equations, we find that the richest asymptotic balance arises when we leave K and all of the variables unscaled, except forX, which we write asX = χ, where χ = O(1) for = π − α 1. The region D, where the fluid lies, is given byx > 0 forȳ ≥ȳ 0 , andx > χ(ȳ) forȳ ≤ȳ 0 . The free surface meets theȳ-axis atȳ =ȳ 0 , which we need to determine. We must therefore solve
subject to the matching conditions (3.14) and
The numerical results presented in section 4 show that b ∞ (π) ≈ 1.82.
Note that we have chosen a polar coordinate system with theȳ-axis at θ = 0, which is more convenient for the following calculations. We must therefore solve for Stokes flow in the upper half-plane, driven by a stress and normal velocity prescribed on the negativeȳ-axis, and coupled linearly to the unknown position of the free surface,χ 0 .
Clearly, the behavior of the solution as r → 0 is crucial, and we investigate this first. If we assume thatχ 0 ∼ kr n as r → 0 for some constant k, then the streamfunction must take the form ψ ∼ r n log r f(θ) + r n g(θ). If we first consider the terms of O(r n log r) and make use of the symmetry condition (7.13), we find that a biharmonic streamfunction has f (θ) = A 0 sin nθ + B 0 sin(n − 2)θ for some constants A 0 and B 0 . On substituting this form into the boundary conditions (7.10) to (7.12), we obtain three linear equations in these two constants. The only way that we can satisfy these is if n is a half integer. In order for this to be able to match the solution in the inner-inner region,χ 0 must be bounded, with nonzero derivative as r → 0, which means that n = 1/2 andχ 0 ∼ kr 1/2 as r → 0. This then allows us to fix A 0 and B 0 and obtain
On substituting this into the normal stress boundary condition, (7.12), we find that A 1 and B 1 do not appear, so that K 0 is determined at this point in the analysis, with
. This is in excellent agreement with numerical solutions of the full inner problem, as shown in Figure 5 .3. The boundary conditions (7.10) and (7.11) then fix A 1 and B 1 , so that
It now remains to determine k as a function ofȳ 0 . We could proceed numerically, but, as we shall see in section 7.2,ȳ 0 is large and negative for 1, consistent with the behavior shown in Figure 5 .5.
Inner solution for −ȳ 0
1. We seek to solve (7.9) to (7.15) whenȳ 0 is large and negative. Note that since this problem is linear, the results that we obtained above for r 1 remain valid when −ȳ 0 is large. In particular, we must haveχ 0 ∼ kr 1/2 as r → 0 and K 0 = −1/4π. Note also that arbitrary multiples of the solutions of the homogeneous problem, r log r sin θ and r sin θ, can be added to ψ without affecting the equations satisfied byχ 0 . We therefore subtract the far field behavior, given by (7.14), from ψ, so that we require ψ = o(r) as r → ∞.
If we define δ = −ȳ
1, we find that we can obtain a suitable leading order balance by defining scaled variables
in terms of which (7.9) to (7.15) becomē At leading order we obtain surface tension-driven Stokes flow, but with kinematic conditionũ
By writing the inner solution in terms of these inner-inner variables, we can obtain the matching condition, which gives the inner-inner behavior asx 2 +ỹ 2 → ∞, in the usual way. Note, however, that we must retain the contribution from the O( ) correction toū x in the inner region, since it was this that determined the scalings for the inner region. Moreover, we have to be careful with logarithmic terms. The matching condition forũ y is
, we can remove the logarithm from the problem. This means thatȳ 0 , the position of the tip, is weakly singular, with Note that the kinematic condition (7.29) is now We also have the matching conditions X ∼ 4 π −ỹ 1/2 asỹ → −∞, (7.32) and, in terms of a streamfunction and polar coordinates, We can solve this boundary value problem using the numerical method described in section 5. Since we were unable to find a suitable artificial continuation parameter, analogous to β in section 6.1, we used the outer asymptotic solution, (7.27), as our initial guess, from which we were able to obtain a converged solution. We found that y 0 ≈ −0.381, which gives the asymptotic solution for the position of the tip of the wedge shown in Figure 7 .1. The numerical solution for the free surface is shown in Figure 7 .2, which should be compared to the solutions shown in Figure 5 .1. From this, we can calculate the curvature at the tip of the wedge, which is of O(δ/ 2 ). This asymptotic estimate is shown in Figure 7 .3.
Conclusions.
In this paper, we have presented an analysis of the initial motion of a viscous fluid with a free surface under the action of surface tension when the fluid lies in a wedge at t = 0. We showed that this is an example of a problem in which inertia is never negligible as t → 0, even though an obvious viscous-dominated similarity scaling exists, since the solution develops over two asymptotic regions: a nonlinear inner region a distance of O(t log t) from the origin with size O(t) dominated by surface tension and viscous forces, and a linear outer region with size O(t 1/2 ) dominated by viscous and inertial forces. The results of [1] show that the addition of an exterior fluid with viscosity much less than that of the interior fluid is a singular perturbation, and the solution can then be described in terms of a region with size O(t), where the flow is dominated by surface tension and viscosity. It would be interesting to investigate the structure of the initial flow in the two-fluid problem when the viscosity ratio is small. Another interesting problem is the case of an initial cone of fluid. The inviscid version of this problem has been studied in [6] and [7] .
One reason for attempting this analysis was that it was hoped that the limiting cases presented in sections 6 and 7 would provide some insight into the initial stages of the coalescence of droplets and bubbles. This analogy has proved to be useful in the case of inviscid coalescence (see [11] ). However, as discussed in the appendix, this idea does not work here. An analysis of this problem, which shows that t log t-dependence does occur in these coalescence problems, but with coefficients different than those that arise in the wedge problem, is given in [9] .
